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Abstract-In this paper, by introducing a concept called the degree of species, we obtain a set of 
sufficient conditions for the ultimate boundedness of nonautonomous n-species Lotka-Volterra tree 
systems. As a consequence, we also obtain the criteria of the existence of a globally stable equilibrium 
point for the autonomous Lotka-Volterra tree system. The criteria in this paper are in explicit forma 
of the parameters, and thus, are easily verifiable. @ 2001 Elsevier Science Ltd. All rights reserved. 
Keywords -LotkaVolterra tree systems, Nonautonomous, Degree of species, Ultimate bounded- 
ness. 
1. INTRODUCTION AND MAIN RESULTS 
Lotka-Volterra system is one of the simplest and the most important systems of differential 
equations in mathematical biology. A number of authors have studied the global dynamical 
behavior of the solutions of the autonomous or periodic LotkaVolterra systems (see [l-15] and 
the references cited there). There are comparatively fewer authors who have been working on 
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the arbitrary nonautonomous (nonperiodic) Lotka-Volterra systems. In fact, the autonomous 
or periodic phenomena are approximate to the natural ecosystems. Strictly speaking, all the 
realistic ecological environment is neither autonomous nor periodic. Therefore, it is necessary and 
of practical significance to consider the arbitrary nonautonomous Lotka-Volterra system. This 
paper is just an effort in this respect. In this paper, we consider a special case of nonautonomous 
system, the Lotka-Volterra tree system. By introducing a concept called the degree of species, we 
obtain a set of easily verifiable sufficient conditions for the ultimate boundedness of the solutions 
to this system, and as a consequence, we also give the criteria of the existence of a globally stable 
equilibrium point for an autonomous Lotka-Volterra tree system. 
This paper is organized as follows. In the remainder of this section, we first introduce some 
notions and notations that will be used throughout this paper, and then present the main result 
of this paper. In Section 2, we prove the main result and give some interesting corollaries. We 
consider the existence of a globally stable equilibrium point for the autonomous Lotka-Volterra 
tree system in Section 3. Finally, in Section 4, we offer an example to show how to easily apply 
our criteria. 
The nonautonomous Lotka-Volterra system of n-dimension is expressed by the ordinary differ- 
ential equations as follows: 
h(t) = xi(t) b(t) - &-hj(t)xj(t) iE N, 
j=l 
P-1) 
where N = {1,2,... ,n} and n is the species number. In (l.l), the function xi(t) represents the 
density of species i at time t, am represents the effect of interspecific (if i # j) or intraspecific 
(if i = j) interaction. In vector form, system (1.1) is expressed as 
k = X (b(t) - A(t)x) , (1.2) 
where x = col(xl, 22, . . . , x,) is an n-dimensional state vector, X = diag(zl, . . . , z,) is an n x n 
diagonal matrix, b(t) = col(bl(t), bz(t), . . . , b,(t)), A(t) = (aij(t)) is an n x n function matrix. 
Furthermore, the following notations are adopted: 
R9,={u~PI~i>O,i=1,2 ,..., q}, RQ+0={u~RqI~i10,i=1,2 ,..., q}, 
where q is any positive number. 
We assume that the functions on the right-hand side of (1.1) are so smooth that for all initial 
conditions (to,zo) E R x RT, there exists a unique solution s(t,to,zo) (t 2 to) satisfying the 
condition z(to, to, x0) = x0. 
DEFINITION 1.1. The solutions x(t, to, x0) of system (1.1) are said to be ultimately bounded 
with respect to the region R”,, if there exists a compact region 52 (0 c RT,) and a finite time 
T = T(to,xo) such that, for any (to,zo) E R x RT, we have x(t,to,xo) E R for all t > T(to,xo). 
We assume the following hypotheses. 
(HI) SuptER Ilb(t)II 5 66 E R+. (BY 11 . 11, we mean the usual Euclidean norm.) 
(Hz) The function matrix A(t) has bounded entries aij (t), i, j E N. 
iLij = i& Qj (t), for i # j, Gii = ~~~uii(t) > 0, i,j E N. 
DEFINITION 1.2. System (1.1) is said to be a cycle system if there are distinct indices il, ifs, . . . , i, 
(m 2 3) such that none of the elements aili,( ai,i,(t), . . . , ai,i, (t) vanish Vt E R. A system 
which is not a cycle system is said to be a chain system. 
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DEFINITION 1.3. Suppose that aij(t) # 0 implies aji(t) # 0 for all i,j, and put l - -o M 
aij(t)aji(t) # 0, Vt E R. The graph G(A(t)) f o an n x n community matrix A(t) consists 
of n vertices (e) representing n species with edges (--) representing the interrelations between 
species. 
DEFINITION 1.4. A system is said to be a tree system if the graph G(A(t)) is a connected graph 
without cycle. 
DEFINITION 1.5. The degree of ith species denoted by rni is defined by the number of species 
which is connected with the ith species. 
The main result of this paper is stated in the following theorem. 
THEOREM 1.1. Let (1 .l) be the nonautonomous Lotka-Volterra tree system. Let rni and mj be 
the degree of ith species and jth species, respectively. Assume (Hl),(H2) hold and 
L ^ A . 
UiiUjj > 7TlimjU~jUji, i,j = 1,2 7 * * * , 12, i # j. (1.3) 
Then the solutions of system (1.1) are ultimately bounded with respect to the region RT. 
2. THE PROOF OF THEOREM 1.1 
To prove Theorem 1.1, we need some lemmas. 
LEMMA 2.1. Assume that &ii, iLjj E R+, &j, r2 6.. E R - {0}, and nij is an integer satisfying the 
inequalities 
^ ^ * . 
&ajj > /&jaijaji, i #j, i,j E N. (2.1) 
Then there exist positive constants wi, Wj E R+. such that 
(2.2) 
REMARK. Lemma 2.1 has been proved in [8]. In the following, we prove it by another method. 
PROOF. Given Wi > 0. Let 
Wj = 
28iiiLjj - /lij&ijtiji w, 
/_&j&;i 
2' (2.3) 
Then 
pijaji ) 
22a~iiL~j - ~ij8ijzlji8ii~jj -2 -2 2 
=wi 
QiLjjWi 
- 
&j8ii /AijB;i 
- = W;iiii&jj(&i&jj llij~ij~jiji) , o 
nijaji -2 
By assumption (2.1), the proof is complete. 
LEMMA 2.2. For an n species tree system and a given positive number wiO, there exist n - 1 
positive numbers Wj (j # is) SU& that the inequalities ilii&jj > bij&j&ji (i # j, 8ij # 0) imply 
WiWjBii6jj > a/Lij(Wi&,j +Wj&ji)2. (2.4) 
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PROOF. We prove Lemma 2.2 by induction on n. By Lemma 2.1, n = 2 is clear. Assume that 
Lemma 2.2 is true for n = k (k 2 2). Now we sfiow that it is true for n = k + 1. 
Let wi,, be given and denote the species which connect with io by il, . . . , i, (m < k). Then 
c?&r # 0 (1 = 1,2,. . . ) m). By Lemma 2.1, there exist m positive numbers wi, , Wiz, . . a 1 Wi, 
such that, for 1 I 1 I m, the inequalities 
imply 
In graph G(A(t)), by deleting the ibh species, we obtain m subsystems which include species 
il,iZ,. . *.rbn, respectively. Obviously, the subsystem which includes the ip species (I = 1,2, . . . , m) 
consists of at most k species. By inductive hypothesis, there exist positive numbers wj, j $ 
{io, il, . . . , im} such that the inequality 
^ ^ n . 
aiiajj > pijaijaji 
implies 
WiWj&ihjj > i/.&j (WiiLij + 
By induction, the proof is complete. 
LEMMA 2.3. If the inequa&ies 
Wj8j$)2. 
^ L ^ ^ 
aiiajj > mimjaijaji, i #A i,jEN, (2.5) 
are fulfilled, then there exists a positive diagonal matrix W = diag(wl, ~2,. . . , w,) such that 
WA + AT W is positive definite, where a = (&j) is determined by the interaction matrix A(t) of 
n species tree system (1.1) and (Hz). 
PROOF. It is easy to show that the quadratic form ~(x~,xz,. . . ,x,) corresponding to l/Z(Wa+ 
aTW) has the following form: 
f(Xl,X2,..., 2,) = ;xT WA+ Pw 
( > 
x 
n 
= 1 WiiLiiXf + C (Wit&j + Wj~ji)XiXj 
i=l i<j 
ajj+o (24 
= CL 2uiBiiX: + (WiiLij + Wj~jji) XiXj + 2uj~. .X2 1,i;gn mi m. 33 3 ’ 3 1 
By (2.5) and Lemma 2.2, the discriminant of each term of the right-hand side of (2.6) is negative, 
that is, 
Ai = (wi&j + wj~ji)2 -
4wiw 
2&i&jj < 0. 
mimj 
It follows from (2.3) and Lemma 2.2 that there exists a positive constant diagonal matrix W = 
diag(wl, ~2, . . . , w,) exists, whose elements may be given, for example, by 
w, = 2&8jj - TlQmjbijhj~ 
3 -2 
mi9?ljaji 
Wi, P-7) 
such that the quadratic form 
f(3a,x2r...r4 >o, Vx # col(0, 0, . . . , 0) E Rn. 
That is, WA + aTW is positive definite. The proof of Lemma 2.3 is complete. 
Criteria of Ultimate Boundedness 473 
Now, we prove Theorem 1.1. 
PROOF OF THEOREM 1.1. Let B and B(t) be the matrices 
B=;(WA+/iTW), B(t) = ; (WA(t) + A(t)TW) , (2.8) 
and (T E RTo be any nonnegative vector. According to (HI), (Hz), and (2.8), the following 
inequalities hold true: 
aTB(t)a > aTBa 2 Xjj011~, ‘vt E R, (2.9) 
where we denote by Xi(B), i E N, the real positive eigenvalues of B and 
X = k&(B). (2.10) 
Let us consider the function 5’ : R’& -+ R+. given by 
S= CWiZi, 
i=l 
(2.11) 
where wi, i E N, determined by (2.7), are the real positive elements of the diagonal matrices W 
introduced in Lemma 2.3. The time derivative of the function S along the solutions of (1.1) is 
given by 
n n n 
S((1.1) =CWiii = C WG(t)(bi(t) - C aij(t)zj(t)> 
i=l i=l j=l 
= xTW[-A(t)]x + ewibi(t)zi. 
(2.12) 
i=l 
Taking (Hr),(Hz) into account and using (2.9),(2.10), we have 
x’W[-A(t)]z 5 -x’Bz 5 -X)(zl12, V (t, z) E R x Rn,,. 
Therefore, we can write (2.12) as 
SI(1.1) I -w412 + ~TWw), V(t,x) E R x R;,. 
Furthermore, Hypotheses (HI) and (Hz) imply that 
Ilwb(t)ll I IIW~II = K, 6 = co1 (6, . ..,b) E R;. 
Thus, from (2.13) and (2.14), we have 
where 
and E is an arbitrary positive real number. We define the compact set 
(2.13) 
(2.14) 
where 
P=aw, w= 2Wj. 
j=l 
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Furthermore, since 11x11 2 S(Z)/W, the following implications hold true: 
z E R3 - 0(p) ----r. 11x11 > a + &II < --E. 
This means that Q(p) is a region of ultimate boundedness, according to the Definition 1.1, and 
the time T of that definition can be computed as 
T = T(to, 50) = max {to, to + E-‘(S(Q) - ,0)} . 
The proof of Theorem 1.1 is complete. 
Now, we consider some special nonautonomous Lotka-Volterra tree systems; these systems 
allow us to calculate the degree of each species. 
*The nonautonomous cooperative system (if aii(t) > 0, alj(t) < 0, ajl(t) < 0, i, j E IV) and the 
competition system (if aii(t) > 0, alj(t) > 0, ajl(t) > 0, i,j E N) between one and multispecies 
can be described by 
21(t) = x1(t) 
( 
h(t) - all(+l(q - &j(t)~j(t) , 
j=2 ) 
k(t) = z&)@%(t) - uil(t)zl(t) - uii(t)zi(t)), i E N - (1). 
For system (2.15), it follows from Definition 1.5 that ml = n - 1 and rni = 1 (i 
By Theorem 1.1, we have the following. 
COROLLARY 2.1. If the inequalities 
?ill&jj > (n - l)S,ljiLjl, j E N - (11, 
(2.15) 
2,3 ,..., n). 
(2.16) 
are valid, then the solutions of system (2.15) are ultimately bounded with respect to RF. 
The nonautonomous cooperative chain system (if uii(t) > 0, i E IV, and ui,i+l(t) < 0, 
ui+l,i(t) < 0, i E N - in}) and the competition chain system (if uii(t) > 0, i E N, and 
ui,i+l(t) > 0, ui+l,i(t) > 0, i E N - {n}) are of the following form: 
&l(t) = ~l(t)@l(t) - a11(t)z1(t) - Qz(t)zz(t)), 
&(t) = zi(t)(bi(t) - a+1(%-1(t) - %(t)G(t) - %,i+l(t)G+l(t)), 2 .S i i n - 1, (2.17) 
&z(t) = %(t)@,(t) - %,Ta-1(+&l-1(t) - %(t)%(t)). 
For system (2.17), it follows from Definition 1.5 that ml = m, = 1, rni = 2, 2 5 i 5 n - 1. By 
Theorem 1.1, we get the following. 
COROLLARY 2.2. Assume that the inequalities 
till&22 > 2&12&21, 
&&i+l,i+l > 4&,i+1&+1,i, 2<i<n-2, (2.18) 
^ ^ 
%-l,n-l&n > 2&l-l,n&,n-1 
are satisfied. Then the solutions of system (2.17) is ultimately bounded with respect to R”, . 
If (2.15) represents the predator-prey system between one and multispecies (i.e., uii(t) > 0, 
ulj(t)ujl(t) < 0, i,j E IV) or (2.17) represents prey-predator chain system (i.e., uii(t) > 0, 
i E N, and ui,i+l(t)ui+l,i(t) < 0, i E N - {n}), then inequalities (2.16) or (2.18) are obviously 
satisfied. By Theorem 1.1, we get the following. 
COROLLARY 2.3. The solutions of Lo&a-Volterra predator-prey system (2.15) or (2.17) are al- 
ways ultimately bounded with respect to R3. 
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3. THE AUTONOMOUS LOTKA-VOLTERRA TREE SYSTEM 
In this section, we consider the following autonomous Lot&Volterra system: 
(3.1) 
In vector form, system (3.1) can be expressed as 
? = X(b - Ax), (3.2) 
where b = col(bl, ba,. . . , b,) is an n-dimensional real vector and A = (aij), an n x n real commu- 
nity matrix. 
We cite the following theorem obtained by Takeuchi and Adachi [14,15]. 
THEOREM 3.1. If there exists an n x n positive constant diagonal matrix W such that WA+AT W 
is positive definite, then system (3.1) has a nonnegative and globally stable equilibrium point for 
every carrying capacity b E Rn. 
Suppose that (3.1) is a Lotka-Volterra tree system. Denote the degree of ith species and jth 
one by mi and mj, respectively. Then from Lemma 2.3 and Theorem 3.1, we have the following. 
THEOREM 3.2. If the inequalities 
aiiajj > 7?lilTZjCJijaji, i #.h i,j E N, 
axe satisfied, then Lotka-Volterra tree system (3.1) has a nonnegative and globally stable equi- 
librium point for every capacity b E R”. 
REMARK. The results obtained in [2, Theorem 2, p. 205; 8,9] are special cases of Theorem 3.2. 
4. AN EXAMPLE 
In order to show the ease in using our criteria obtained in this paper, we consider the following 
system given in [13, p. 1761: 
y = xl(t) (2 + sinnt - 2x1(t) - x2(t)), (4.1) 
T = x2(t) (4 + cosd - q(t) - 6x2(t)). (4.2) 
It is easy to check that condition (1.3) of Theorem 1.1 holds true. Thus, we can conclude that the 
solutions of (4.1),(4.2) are ultimately bounded. This result conforms to the solutions graphically 
illustrated in [13]. 
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